A major problem in understanding seismic wave propagation in the seafloor is to distinguish between the loss of energy due to intrinsic attenuation and the loss of energy due to scattering from fine scale heterogeneities and bottom roughness. Energy lost to intrinsic attenuation (heat) disappears entirely from the system. Energy lost to scattering is conserved in the system and can appear in observations as incoherent noise (reverberation, time spread, angle spread) and/or mode converted waves. It has been shown by a number of investigators that the seafloor scattering problem can be addressed by finite difference solutions to the elastic wave equation in the time domain. However previous studies have not considered the role of intrinsic attenuation in the scattering process. In this paper, a formulation is presented which includes the effects of intrinsic attenuation in a two-dimensional finite difference formulation of the elastodynamic equations. The code is stable and yields valid attenuation results.
INTRODUCTION
The finite difference synthetic seismogram method has proven to be a useful technique for studying acoustic bottom interaction. It is one of the few techniques which can treat full wave elastic (compressional and shear wave) scattering from both surface and volume heterogeneities with scale lengths on the order of seismic wavelengths Stephen, 1988, 1991 ) . Since the seafloor is rough and laterally heterogeneous over a broad range of scales, scattering from the seafloor is significant in many areas of ocean acoustics.
The finite difference method provides the capability for studying the physical mechanisms of scattering in complex environments. However, until recently, the time domain finite difference method did not allow for the effects of intrinsic attenuation. Day and Minster (1984) proposed a method for including intrinsic attenuation in a time domain finite difference scheme and gave an example based on one-dimensional wave propagation (waves on a string). We have implemented the approach of Day and Minster in a two-dimensional finite difference scheme. This scheme provides the capability to address the effects of scattering and intrinsic attenuation in the same formulation.
Attenuation is important in bottom interacting ocean acoustics because it impacts the range to which bottom propagating energy is significant and it plays a role in the physical processes of scattering from rough and laterally heterogeneous seafloors. Field measurements of attenuation give effective attenuation which is a combination of both scattering and intrinsic attenuation (Jacobson and Lewis, 1990 for example). For some applications in bottom interacting acoustics the effective attenuation is the primary quantity of interest. It measures the amount of energy lost from the transmission loss curve, or coherent arrival, that cannot be explained by spreading losses and multipathing. In some cases, even conversions to shear waves are treated as an attenuation.
The distinction between intrinsic attenuation and scattering is important. Intrinsic attenuation represents energy lost to the system through internal friction (Jackson and Anderson, 1970) . Scattering represents energy lost from a particular coherent path either to another coherent path (as for shear waves) or to incoherent energy. Not much can be done about intrinsic attenuation other than to measure it, but system performance can be improved by understanding and exploiting scattered energy. In the case of multiple coherent paths, processing can be carried out to optimize the total energy received on all paths. In the case of incoherent scattering, there is an increase in the noise floor due to the source generated noise, which yields an upper bound on the signal-to-noise ratio independent of true ambient noise. Different environments scatter energy in different frequency bands and have different, frequencydependent, signal-to-noise ratio ceilings. The modeling capability described here can be used to distinguish the effects of intrinsic attenuation and scattering for realistic seafloor structures.
I. THE WAVE EQUATION FOR HETEROGENEOUS ANELASTIC MEDIA
To incorporate attenuation in our two-dimensional finite difference formulation we use the method outlined in Day and Minster (1984 
where u is the particle displacement vector, g and/2 are Lam•'s parameters, and p is the density. For simplicity, we consider here a Cartesian coordinate system. The initial conditions for ( 1 ) are that the particle displacement and particle velocity are zero everywhere. Various body forces and boundary conditions are incorporated with ( 1 ) depending on applications. For example, a source inside the finite difference grid can be introduced as a distribution of time-dependent body forces (Alterman and Aboudi, 1970) or a source outside the finite difference grid can be introduced as a time-dependent boundary condition (Stephen, 1983) . Also, in order to minimize the size of the computational grid, absorbing boundaries are frequently used to satisfy the Sommerfeld radiation condition (Clayton and Engquist, 1977, for example). The various options for body forces and absorbing boundaries do not affect the treatment of artelasticity and will not be discussed further in this paper.
To implement a time-dependent stress-strain relation for artelasticity it is more convenient to consider the system of equations from which the wave equation (1) was derived. Any code which computes the wave equation directly can easily be reeonfigured to compute the wave equation by successively computing the equation of motion (2), the stress-strain relation for isotropic media (generalized Hooke's law) (3), and the definition of infinitesimal strain (4) (Aki and Richards, 1980): 
where rij and %• are the stress and strain tenmrs, respectively. Because of symmetry conditions each of the stress and strain tensors have only six independent components (e.g., r u, r22, r33, rl2, r23 , and r•3). An anelastic material satisfies all these postulates except postulate {ii). The medium continnes to deform with time while the force is applied and continues to recover its original shape after the force is removed. Anelasticity also includes the case where there is an instantaneous deformation followed by a time-dependent deformation. A oiscodastic medium does not satisfy postulates (i) and (ii).
In addition to having a time-dependent stress-strain relation, a viscoelastic material does not have complete recov erability (that is, it does not have a unique equilibrium value). Anelasticity is a special case of viscoelasticity.
We simplify the stress-strain rdation { 3) by constructing symmetrized stresses and strains (Nowick and Berry, 1972) 
The first stress-strain relation corresponds to hydrostatic stresses and strains with the bulk modulus, g, equal to 1+2/.t/3. The remaining five relations correspond to pure shear with the shear modulus equal to/2. Equations ( 
The first stress-strain relation in (7) reduces to the fundamental relation in linear acoustics: 
q•(t) = [M(t)--MR]/•JM.
The normalized stress relaxation function, qv(t), is a monotonically decreasing function between unity (at t=0) and zero (at t= •o). The elastic stress-strain relations (7), which have the form a=Je, can be generalized, using the stress relaxation function, to the time-dependent form:
where o(t) and e(t) are the stress and strain histories, 
where Q and .
• are, in general, frequency dependent. To determine the relationship between the complex modulus and the attenuation coefficient, consider a plane compressional wave, u (x,t), propagating in the x direction in a homogeneous media. This can be represented by the one-dimensional case of Eqs. (2), (4), and ( ! 1 ): If the normalized relaxation spectrum is a box distribution with a broad enough bandwidth, then Q will be approximately independent of frequency near the middle of 
•(t)=Mt•(e(t)--i=• •i(t) ),
where the •i satisfy (34)
and 
Oi=«[!i(J'• 1 --T• -1 ) -lC (Ti -1 --• ,T• -1 ) ],
The wave velocities for infinite Q media, computed by this formulation, will correspond to the norrdnal velocities for elastic media. When Q is finite, the wave velocities will differ from the nominal values for elastic media (and will be frequency dependent) because of the dispersion associated with anelastieity [Eq. (19)].
Our finite difference formulation solves the twodimensional wave equation for heterogeneous, isotropic, anelastic media in terms of displacements using the offset grid scheme proposed by Virieux (1986) . At each grid point the medium is represented by nomi aal compressional and shear velocities, density, and compressional and shear attenuation. The width of the absorption band, determined by r t and r2, is constant for a given model (Fig. 2) . Also at each grid point we solve for the vertical and horizontal particle displacement by time stepping through the following algorithm. Symmetrized strains are computed from (4) and ( shows the spectral ratios for the wave forms in {a). The best fit to the line between the 40-dB down points gives a Qof 19.6. This is within 2% of the nominal Q value and is within the range of Q values for the constant Q absorption band model (Fig. l) .
of the compressional energy density, with the sign of the particle motion preserved. It has the advantage of separating compressional effects from shear effects and it reduces directly to pressure when the shear modulus vanishes. Figure 7 shows the time series, spectra, and spectral ratios, respectively, for the case of an elastic bottom (Qv = Qs = oo ). The computed Qv is --3030 in good agreement with the input value.
Similarly, Fig. 8 shows strong attenuation with range for the anelastic case. We did not compute a Q from the compressional head wave because, near the critical point, the head wave is frequency dependent even for elastic media. This violates the assumption, in the spectral ratio method, that all of the frequency dependence is caused by intrinsic attenuation. In applying the spectral ratio method to real data, care must be taken to ensure that frequency dependent effects other than intrinsic attenuation are not contaminating the results. For example the steep velocity gradients frequently observed with depth below the seafloor will introduce frequency dependent propagation effects that are not associated with attenuation.
Vl. CONCLUSIONS
We have developed a capability to study intrinsic attenuation and scattering at seafloors with both surface roughness and volume heterogeneities. The method solves 
